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On the convergence of three — Step — One Mapping
Iterative Scheme in  W-Hyperbolic Space
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Abstract

In this paper, firstly we introduce A Three — Step — One Mapping
Iterative scheme for self mapping in W-Hyperbolic space
secondly we prove aconvergence result of A Three—Step —One
Mapping Iterative Scheme for Nonexpansive mapping in the
same space also established the convergence results when use
Condition (I) and by using Hemicompact mapping in uniformly W-
Hyperbolic space.
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409



-~ oty

;L—-H:‘Jlgij:i’:-‘-mu: ml’”l
aott o . Al yad! daalonl!
| | Gl gl (G (gunlinad | il 7 :

o A Joadl o] Syl k] 32 0
7 ol | unbitetd| S (& (ol | ol (et it | | il |
(ol adall) 2020 Jodl yeelS 17-16

‘onyg p

1 — Introduction

In 2009, Shahzad and Zegeye [1] introdused the convergence result
of Ishikawa iteration for quasi nonexpansive multivalued maps in
uniformly convex space as follows, for any x;, € B

Xnt1 = (1 — T)xp + Tty
Yn = (1 — U)Xy + pipty, ;Vn 20
Where ¢,, € Ly, ,t, € Lx,, {u,}and{z,} aresequences in [0,1].

In 2010, Khan et al . [2] introdused weak and strong convergence result
of aone step iteration for two multivalued nonexpansive mappings .

Also in 2011, Abbas et al . [3] established the convergence result of a
new one step iteration for two multivalued nonexpansive mappings
in uniformly convex Banach space as follows , for any x; € B

Xni1 = UnXp + Tty + 0,4, ;¥ >0

Where ¢,, € Lx,, ,t, € Kx,, {u,} ,{t,}and {o,,} are sequences in
(0,1). In2018, Birol G .and Sezgin A. [4] established the convergence
result of a one step iteration for two multivalued nonexpansive
mappings in uniformly convex W- Hyperbolic space as follows , for
any x, € B

T
Xpi1 = W(fn,W(xn,tn,#)un);VnZO
n

Where ¢,, € Lx, ,t, € Kx, , {u,}and{r,,} are sequencesin(0,1).
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2 —Preliminaries

Definition (2.1)[5] : A metric space (E, d) is said to be hyperbolic space
if there exist amap W: E? x [0,1] — E satisfying :

W1—d(t,W(x,y,w) < (1 —wd(t,x)+pdty)
W2—dWx,y,w),Wx,y,86)=|p—25ldx—y)
W3-We,y,u)=W(,x,(1- p)
Wa—d(W(x,c,),W(y,e,n) < (1—wdxy) +pudc,e)

Vx,y,c,e€eEand u,6 €[0,1].

Definition (2.2)[6]: Let A be anon—empty and convex subset of
a hyperbolic space B. A mapping L:A4 — A is said to be

(i) nonexpansive if d(Lx,Ly) < d(x,y) .. (1)
Vx,y €A.

(ii) quasi nonexpansive if F(L) #= @ and d(Lx,p) < d(x,p) ..(2)
Vx€eAandp € F(L) .

Definition (2.3) : Let A be anon—empty and convex subset of a
hyperbolic space B and L: A — A is amapping forany x; € A, the
sequence {x,} define by

Xns1 = W(Lyp)
Yn = W(Lxy , Lz, , uy)

z, = W(x, ,Lx,,7,);Vn =0 ..(3)
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where {u,} and {t,,} are sequences in (0,1).

Definition (2.4) [7]: A hyperbolic space (E, d, W) is said to be uniformly
convex if 3 ¢ € ]0,1] such that

d(x,9) <y,d(y,9) <yandd(x,y) = ey then

d(W (x,y,%),ﬁ) <(1-o0)y

VI, x,y €EE,e € (0,2]andy > 0

Lemma(2.5 ),[8] : Let B be auniformly convex hyperbolic . Let
x € B and {u,} be asequence in[g,h] for some g,h € (0,1). If
{x,} and {y,} are sequences in B such that

lim,,_,, supd(x,, x) < ¢, lim,_, supd(y,,, x) < ¢ and
lim,, o A(W (X, Y » U ), x ) = ¢ fOor some ¢ = 0

then lim d(x,,y,) = 0.
n—->0o

Definition (2.6)[9] : Let A be anon—empty and convex subset of
a hyperbolic space B. A mapping L:A — A is said to be

(i) Satisfy condition (I) if 3 a nondecreasing function k: [0, o[ — [0, oo
with k(0) = 0, k(a) > 0 for a € (0, ) such that

d(x,Lx) = k(d(x,F(L))), Vx € A.
(ii) Hemicompact. If for any sequence {x,} in A 3 limd(x,, Lx,,) = 0,

n—-oo

3 a subsequence {xnt} of {x,} suchthatx,, —» past— o forsome
p € A.
3 — Main Theorem
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Theorem(3.1):

Let B is a hyperbolic space, A is a nonempty and convex subset
of Band L: A — A isaquasi nonexpansive mapping. Let {x,} define
by condition (3) with u,, and t,, € (0,1). If p € F(L),

then lim,,_,, d(x,,, p) exists,V p € F(L).
Proof: Let p € F(L), from condition (2) and(3) , we get
d(zp, p) = d(W (xn, L xn, 7 ),p)

< (1 =1)d(xn, p) + Td (L xp, p)

< (1= 15)d(xn, p) + Td(xn, )

=d(x,,p) .. (4)

From condition (2), (3) and (4) , we get
d(ynrp) =d(Ww (an L Zy , Uiy );P )

< (1= up )AL xp, p) + prd(L 2y, p)
< (1= un )d(xp, p) + und( 2y, p)
< (1= up )d(xp, p) + und(xp, p)
= d(xp,p) .. (5)
From condition (2), (3)(4),and (5) , we get
d(Xpt1,p) = d(W (Ly, ),p)
< d(Lyn, p)
< d(yn, p)
< d(xn, p) .. (6)
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Then {d(x,,, p)} is bounded and non- increasing . Hence lim,,_,, d(x,,, p)
exists,V p € F(L).

Theorem(3.2):

Let B,A,L and {x,,} be as in theorem(3.1), where u,, and t,, are
sequences in[g, h] for some g,hwith0 <a <b < 1.ThenF(L) # @
if and only if {x,,} is bounded and lim,,_,,, d(Lx,, x,,) = 0.

Proof: Suppose F(L) # @ and Letp € F(L), then lim,,_. d(x,, p)
exists and {x,,} is bounded .Put

lim,,_, d(x,, p) = ¢. for some ¢ > 0 . (7)
From condition (4) and (7), we get
lim supd(W (xy, Lxp, 7, ), p) = lim supd(zy,, p)
< lim,,_,,, supd(x,, p) = ¢ ...(8)
lim sup d(W (Lxn , L 2y, pin ), p ) = lim supd(yn, p)
< lim,,_,o, supd(x,,p) = ¢ ...(9)
From condition (2),(3)and (4), we get
d(Xni1,p) = d(W (Ly, ),p)
< d(Lyn, p)
< d(yn, p)

=d(W (Lxy,L 2y, ftn ), p)
< (1 —pp)dL xp, p) + pnd(L zy, p)

< (1= pp )d(xp, p) + 1, d( 2y, p)

< d(xnrp) - .und(xnrp) + ,und(znrp)
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This implies that

A1) dCnP) < g 2 5Y — d( x,,, p)

Un

So

d(xn+1ip) - d(xnrp) <

d( Xn+1s .0) - d( Xn P)
Hn

< d(zp,p) — d(xy, p)

Then d( xp41,p) < d( 2y, p)

Therefore

¢ <lim,_, infd(z,, p) .

From condition (8) and (10) , we get

(p = hm d(ZTLMD)
n—oo

@ =1limy 0o d(W (X, L%y, T0),p).

From condition (7),(9),(11)and lemma (2.5),we get

lim,, . d(Lx,,x,) = 0.

Theorem(3.3)

...(10)

. (11)

Let B,A, L and {x,,} be as intheorem(3.2) with F(L) = @ if L satisfies
condition (I), then lim,,_, . ||x,, — p|l = 0,p € F(L).

Proof:

From theorem (3.1), implies that lim,,_,, d(x,, p) exists ,V p € F(L)
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and so lim,,_o, d(x,, F(L)) exists. Assume that lim,,_o, d(x,,p) = ¢
for some ¢ > 0. From condition (I),F(L) # @ and theorem(3.2), we
get lim k(d(x,F(L))) < lim d(x,, Lx,) = 0 implies that

n—oo n—0oo

lim k(d(x,F(L))) =0 .. (12)
n—-oo
Since k is a nondecreasing function and from condition ( 12), we get

lim (d(x, F(L))) = 0. Thus there are subsequences {x, } of {x,} and
n—-oo
{p:} € F suchthat d(x,,,p;) < %

From theorem (3.1) ,Vt > 0, we get

1
d(xn,y,Pe) S A, pe) < 5
Also , we get {p;} is a Caushy sequence in A and convergesto p € A by

d(Pe41Pe) < d(pt+1‘1xnt+1) + d(xn,, ., Pt)

1 +l

2t+1 2t

<

1
2t-1

<
Since d(p;, Lp) < d(p,p;) and p, > past— o, it follows that
d(p,Lp) = 0, which implies that p € Lp
Theorem(3.4)

Let B,A, Land {x,} be as in theorem (3.2) with F(L) =@ if Lis
hemicompact , then lim,,_,.||x, — pll = 0,p € F(L).

proof : From theorem(3.2), we get lim d(x,,Lx,,) =0 and L is
n—-oo

hemicompact, there is a subsequence {xnt} of {x,}suchthatx, — pas
T — oo for some p € A. Since L isa nonexpansive mapping,
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d(p,Lp) < d(p,xn,) + d(xn, Lxy,) + d(Lxp,, Lp)
< 2d(xy,p) +d(xp,Lx,,) -0 as7T- .

this impliesthat p € Lp .

4 —Conclusions

A Three — Step — One Mapping Iterative  scheme for self
mapping has been introduced in W-Hyperbolic and the convergence
result for A Three — Step —One Mapping Iterative Scheme has
been proved when used nonexpansive self mapping in Hyperbolic
space also established the convergence results has been established
in uniformly Hyperbolic space when use Condition (I) and use
Hemicompact mapping .

5 — Suggestion

1 —we can use Lipschizian mapping to established the convergence
results .

2 —we can use another space to establish the convergence results of
same iteration .
3 — we can use another iteration to established the convergence results .
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