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Abstract : In this paper , we investigate essential problems for subclasses
related to known functions . Therefore , we get special cases of our major
results in a form of theorems and corollaries and proved .
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Introduction

Let At denoted the class of functions of the form

(o]

flw,e) = Z a. (B w* (e N,

k=p+1

which are analytic and p — valent in the open unit disk U={w;, w € C:
|lw| < 1}.For the functions f and g In AmE , we say that f is
subordinate to g in U, and write f < g if there exists a function w(w) in
U such that |w(w)| < 1and w(0) = 0 with f(w) = gw(w)) inU. If f
IS univalent in U, then f < g is equivalent to f(0) = g(0) and f(U) c
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g(U).
Letf € ApE andg € At begivenby

9(w,8) =Y, b0 n € Nweuforaléeu,

then the Hadamard product (or convolution) f < g of f and g is defined

(as usual) by

(f*9)(w,$) = P + Z (@b (&) = (g * f)(w,$)
k=w+1
For a function given by
flwk) = z @ (5) 0 € A
k=p+1

it follows from

B(a 0)f(w,8) = dbS(a,¢; ) * f(w,8),0 EV,5€ T
that 2 > —p and a, ¢ € R\w; . where

WP
(1 — w)*»

bp(a,c; ) * dS (a,¢; 0) =

and

b, (a, c; a))—a)p+2§ ;: ptk
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o )
5@, Of (@8) = 0P + N7, CETRE WP = WIF; (¢34 b, @ w) « £ (@,)
®

w € U, from (1) we deduce that,

o (B@af@,9) = 6+nb@of (1) - 2(a)f @)
2

We also note that ,

L@+ 11)f(w5)=p @dt
0
13(p, Df (w,8) =M

20f"(w,8) + w*f" (w,)

G Df(wt) = p(p+ 1)

B(a,a)f(w,t) = D" ! f(w,5),n € N,n > —p(Ruscheweyh derivative).

Definition(1): Let Q be asetin Cand g €QoN u[0,p]Jand A > —p. The

class of admissible functions @,[Q,q] consists of those functions

@: C3xUxU — C that satisfy the admissibility condition:

o(u,v,w;w, & & Q, 3)

whenever

k&9 41009

u=q( , e

> —p),
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{(3 +pA+p+Dw+ G +p)23A+ Dv—A3Br+ Z)u}
Re
u—Q+pv
&9"'(9)
7@ 1}'

> kRe { (4)

w €U, { €U\E(q),E€EUand k = p.

Theorem(1): Let @ € @, [, q]. If f € Ap)t satisfies

BB (aOf (@), 5" (a o f (w,8), B2 (a,c)f (w,5);w €U, £€ T)Q,

then B(a, c)f (w,§) < q(w).

Proof: By using (1) and (2), we get the equivalent relation

_ 0@ Of (@,3) + (0, Of @,5)

M1
lp (a, C)f(w, E) (J + p)

Assume that F(w) = B(a,¢)f(w,£).Then

B*1(a, o) f (,5) = wF'(w) + 3F(w)

G+p)
Therefore,
142 0@ (a,0)f (@) +0+DET (@0 f (@)
lp (a, C)f((l), E) - (1+p+1)
then we have by (6),
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et - wF'(0)+ (1 +)F (w)
(B (@ f @) = o . (8)
So,
B*2(a, o) f (w,8)
_ 1 WF (W) + (1 + MF (w)
_(3+p+1)w< QA+p) )
wF'(w) + AF(w)
+(A+1) ( 0T )
B 1 [a)ZF"(a)) + (A + DwF'(w) 4 A+ 1DwF' (W) + 232+ DF(w)]
S Q+p+D A+p) A+p)
~ 1 W F' (W) + 20+ 1DWF'(w) + 33 + DF(w)]
_(J+p+1)l A+p)
= m (0?F (@) + 20 + DF (@) + 33+ DF ()
)
Let 4 =7 v_s+lr W_t+2(3+1)s+l(l+1)r
T 0+ T 0+ pG+p+D
Assume that
y(,s t;w, ) =0(wv,w;w, )
q)( s+ t+20+Ds+30+ Dr §> (10)
= r, , , W, .
AQ+p) OG+pO+p+1)

By using (6 ) and (7) , we obtain

v(F(w), oF ' (w), w*F"(w); w, &
=0 (5@ 0f (@,8), 5" (@,0f (8,5 (@ 0 f (@) w,d). (1)
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Therefore, by making use (5), we get
y(F(w), wF (w), w?F"(w); w, &) € Q.
Also, by using

_t+20+ Ds+30+ Dr
QOB+ p+D

and by simple calculations ,we get

G+pO0+p+Dw—23+ DO +p)v + Yu
Q+pv-—3u

(11)

and the admissibility condition for @ € ®,[Q, q] is equivalent to the

admissibility condition for v then , F(w)< g(w). Hence , we get

La of (W) < g(w).

If we assume that Q # C isasimply connected domain. So,

Q = h(U), for some conformal mapping h of U onto Q. Assume the

class is written as @ [h, q].Therefore, we conclude immediately the

following Theorem.

Theorem(2): Let @ € @, [h, g]. If f € A(p)E satisfies

B(B(a O f (@,%), 3" (@, 0)f (@,%), 3 (a,0)f (@,3); 0, &) << h(w), (14)

then L(a,o)f(w,8) < q(w).

246



-~ oty

;i--u:’::if:-‘-muj ml’”l
A . Al yad! daalonl!
| | Gl gl (G (gunlitad | il 7 :
o s Joadl o] Syl k] 32 0
" el | unbitetd| S (& (ofd| il (et i) | il |
(eibdl adall) 2020 Jodl yealS 17-16

The next result is the extension of theorem (1) to the behavior of g ON du is not

known.

Corollary(1): Let QcC, g be univalent in U and g(0)=0. Let @ €

D[ q,] for some p € (0,1), where q,(w) = q(pw). If f € Awp

satisfies
P(B(a o) f (0,8), B (a, ) f (w,8), B2 (a,0)f (w,5); w, &) €Q, (15)
then B(a, o) f (w,8) < q(w).

Theorem (3): Let h and g be univalent in U , with g (0)=0 and set

qp(w) = q(pw) and h,(w) = h(pw). Let @: C*xUxT—C satisfy one of

the following conditions:
(1) @ € @[, q,] for some p(0,1) or
(2) there exists p, € (0,1) such that @ € @y [h,, q,] for all p € (py, 1).
If f € A(p)esatisfies (14) , then
L(a, o)f (w,8) < q(w).

Proof: Case (1): By using Theorem (1) , we get B(a,c)f(w,&) < Gp-

Since q,(w) < g(w), then we get the result.
Case (2): Assume that F(w)=1}(a, ¢)f(w,) and F,(w) = F(pw). So,

O(F,(w), wF,(w), w?F, (w); pw) = B(F (pw), pwF ' (pw), p?w?F"(pw); pw)
€ h,(U).
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By using Theorem (1) with associated

O(F(w), wF'(w), w*F"(w); w(w))

€ Q,where w is any function mapping from

U onto U, with w(w)= pw, we obtain F,(w) < q,(w) for p € (p,, 1). By
letting p — 17, we get U (a,c)f(w,8) < q(w).

The next theorem gives the best dominant of the differential
subordination (11).

Theorem (4): Let h be univalent in U and let @: C3xUxU—C. Hypothetical

differential equation

s wq () +3q(w) w?q () + 20+ Dwq'(w) +3A + Dglw)
(ot LG G+PG+p+D o)

= h(w), (16)

It's found a solution g with q(0)=0 _ind satisfy one of the conditions

following:
(1) g € Qo and @ € Dy [h, q].
(2) q is univalent in &/and @ € ®yh, q,] for some p € (0,1).

(3) g is univalent in & and there exists p, € (0,1) such that @ €

Dy [hp' qp]'

forall p € (py, 1).
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If f € A(p)k satisfies (14) : then

l%(a, c)f(w,g) < q(w) and q is the best
dominant.

Proof: We get that g is a dominant of (14) by using Theorem (2) and
Theorem (3). It is also a solution of (14) as q satisfies (16), and thus g
will be dominant by all (14) dominants. Therefore, g is the best (14)

dominant.

Definition(2) .Let QQ be a set in C and M>0 . The Class of Permissible

Functions ®,[Q, M] consists of those functions @: C3xUxU — C such
that

(k+D)Me'® L+[2(1+ Nk +IQ+ 1)|Me”
G+p) O+mQ+p+1)

(D(Meie, ; W, 5) g Q (17)

whenever w € U, £€ T k= 1.

Corollary(2): Let @ € ®,[Q, M]. If f € A(p)t satisfies that

B(B(a, o) f (w,8), B (a, ) f (w,8), % (a, o) f (w,); w, &)
€ Q,then(a,c)f(w,t) < Mw.

Corollary(3): Let @ € @, [Q, M]. If f € A(p)t satisfies that

18(B(a, o) f (w,8), B (a, o) f (,8), B (a, ) f (0,); w, &)|
< M, then |U(a, o)f(w,8)| <M

Corollary(4):Let M>0 , and Let C(&) be an analytic function in U with
Re{C(E} = 0for € aU. If f € A(p)t satisfies
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G+ +p+ DU (@0 f(w,E) - A+pL T (a0 f (w,5) -
2U(a,0)f (,8) + C(H| < M,

then U(a,c)f (w,8)| <M.

Proof: From Corollary (2) by taking 8(w,v,w,w, & = A +p)QA+p+
Dw — A+ p)v — 22u + C(&) and Q = h(U), where h(w)= AMw. By

Using Corollary (2), we have to demonstrate that:

@ € ®,[Q, M], that is ,the admissible condition (17) is satisfied .We get

o (k+)Me' L+[2(1+3)k+3(3+1)]Mei9.
‘Q)(Mee' G+n) G+p)OG+p+1) 5)‘

=L+ 21+ Nk +30+ 1)]Me®® — (k + D) Me®—32Me'® + C(O)
=L+ (14 20)kMe'® + C(d)|
> (1 +20kM + Re {Le~ + Re{ C(He*}}
> JM. We therefore get the outcome by Corollary(3),.

Definition(3): Let Q be a set in C and g€ u[0, p] with ¢ '(w)# 0. The

class of admissible functions ®',[Q, g]consists of those functions

@: C3xUxU — C Satisfying the condition of admissibility:
O(w,v,w;{, &) & Q, (18)

whenever
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1,
B _mwa (w) + 3q(w) OG> )
u=q(w)v= P : p),
and
Q+pA+p+Dw— A+ DO +pv+3u) 1 (wq' (W)

Re O tmv—u IZERe{ 3 (@) +1},(19)
wE U,{ € OU\E(q), € U and m = p.
Theorem(5): Let @ € Dy[h,q].If f € AmE.L(a,c)f(w3) €

Q, and

B(L(a Of (@), 5 (e, O)f (w,8), 5+ (a, O f (w,8); w, &)

IS univalent in U, then

Qc{@(B(a, ) f (,8), B (a, o) f (0,£), B (a, o) f(w,€); 0 €U, E€ T )},

implies that

q(w) < (a,o)f (w,8).

Proof: By (11) and
Qc{d(B(a, o) f (w,8), B (a, o) f (w,8), B (a, ) f (w,5);w € U,E€ D),

we have Qc{y(F(w), wF ' (w), w*F " (w);w, );w € U, £€ V)}.
from

S+ t+2Q0+1Ds+ 230+ Dr
Jv:—l W: )
O +9p) G+pQ+p+1)

u-=r

251



NEOCEWE PP

-~ oty

c = ,

[ o

E usi (Sie 3 2
’i.—s;.u St jally O pagd a.!lpl’”l

pad Aaal> (ol el il | il ol (g ot uipd] ! Agtoal dnatad!

Syl k] 32 0
" el | unbitetd| S (& (ofd| il (et i) | il |

(il dabl) 2020 Jodl yedlsS 17-16

we see that the admissibility for ¢ € ®',[Q,q] is equivalent to

admissibility condition for y. Hence , v € ¥'[Q,q] and so we have
a(w) < Bla,o)f (w,¥).

An immediate consequence of Theorem(5) is the following theorem.

Theorem(6): Let g € u[0,p], h be analyticin Uand @ € O [h, q]. If
f(w) € Am)E,

B(a o)f (w,) € Qo
and
B3 (@ 0 f (@,8), 3 (a,0)f (@,5), li(a o) f (w,5); w, &}
is univalent in U, then

h(w) << 0(13"2(a, O f (0,8), B (a, o) f(w,8), B(a, o) f (w,8); w, &,
(20)

implies that g(z) < B(a, o)f (w, ).

Theorem(7): Let h be analytic in U and @: C3xuxU—C. Suppose that the

differential equation

Q)(qw‘ Gtp) GrpO+p+1)

= h(w),

wq' (@) + () 0?q" () + 20+ Dwq (©) + 33 + 1)g(w) Y df)

has a solution g€ Q, . If @ € dy[h,q],f € AP) , B(a c)f(w,) €
Q, and
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BB+ (a,0)f (w,8), B (a,0)f(w,8),B(a, o) f (w,£); w, & is univalent
in U, then

h(w) << 8(1;"(a, O f (,8), 15" (a, 0 f (w,8), (@, 0)f (w,5); w, &, (21)
implies that q(w) < B(a,c)f(w,%), and q is the best dominant.

Proof: This theorem's evidence is the same as that of the proof
theorem(4)

We obtained the following theorem from Theorem (2) and Theorem (6).

Theorem(8): Let h,and g; be analytic functions in U, h, be a univalent

functions in U , q, € Q, with q,(0) = g,(0) =0 and @ € ®,[h,,q,] N
Di[hy, 1] If f € APE 3(a,c)f(w,8) € u[0,p] N Q, and

BB (a,0)f(w,8), B (a, o) f(w,8),B(a c)f (w,5); @, & is univalent in U, then
hi(w) << B(B+2(a,0) f (@,8), B (a, ) f (0,8), 3 (a, ) f (w,8); w, & << hy,
(22)

implies that a1(@) < (a, o) f(w,5) < qz(w).
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